Abstract. We compute the Bott-Chern classes of the metric Euler sequence describing the relative tangent bundle of the variety P(E) of hyperplans of a holomorphic hermitian vector bundle (E, h) on a complex manifold. We give applications to the construction of the arithmetic characteristic classes of an arithmetic vector bundle E and to the computation of the height of P(E) with respect to the tautological quotient bundle O E (1).
1

Introduction
In the whole work, X will be a smooth complex analytic manifold of dimension n. For a vector bundle F → X on X we denote by A p,q (X, F ) the space of smooth F -valued differential forms on X of type (p, q). On a holomorphic vector bundle E → X endowed with a hermitian metric h, there exists a unique connection ∇ = ∇ E,h compatible with both the holomorphic and the hermitian structures. It is called the Chern connection of (E, h). Its curvature i 2π ∇ 2 is multiplication by an endomorphism-valued 2-form that we will denote by Θ(E, h) ∈ A 1,1 (X, Herm(E)). The associated Chern forms are defined by det(I + tA) = Imd ′ + Imd ′′ which functorially represent the default of multiplicativity of the Chern form polynomial c t (E, h) := +∞ d=0 t d c d (E, h) on short exact sequences of hermitian vector bundles (see [Bi-G-S] 
theorem 1.29 and [G-S-2] theorem 1.2.2) :
• For any short exact sequence (S) = (0 → S → E → Q → 0), and any choice of metrics h = (h E , h S , h Q ), c d+1 (S, h) ∈ A d,d (X),
where c t (S, h) = Chern class of E ⋆ is the inverse of the total Segre class of E. This is also true at the level of forms (see section 7). But at the arithmetic level, some secondary purely complex analytic objects have to enter the definition of Segre classes in order to keep this inverse relation true in the arithmetic Chow group of the base scheme. This is due to the fact that E ⋆ ⊗O E (1) having a nowhere vanishing section has nevertheless a non-zero top Chern form. Evaluating some fiber integrals of previously studied Bott-Chern forms, we give explicit expressions for the secondary classes involved. This answers a question raised by Bost and Soulé [Bo-S] . This in turn enables to compute the height of P(E) with respect to O E (1) in term of the top arithmetic Segre class and a secondary term from complex cohomology. The qualitative output is that complex characteristic classes of E are the only complex datas of (E, h) that accounts for the measure of the complexity of P(E) given by its height.
No wonder that such computations at least in the full relative case (see proposition 7) can be done for other characteristic classes than the Chern classes on other
Bott-Chern forms
General formulas for computingc(S, h) with induced and quotient metrics were given by Bott and Chern [B-C] . For sake of completeness, we outline their method.
The commutator of End(E)-valued forms α and β is defined to be [α,
Consider the sequence 0 → S ι → E p → Q → O endowed with metric constructed from a hermitian metric h on E. Denote by ∇ (resp. ∇ S , ∇ Q ) the Chern connection of (E, h) (resp. (S, h |S ), (Q, h |Q )). Consider the family of connections on E ∇ u := ∇ + (u − 1)P Q ∇P S where P S = ιι ⋆ (resp. P Q = p ⋆ p) denotes the orthogonal projection of E onto ι(S) (resp. ι(S) ⊥ ). The choice of a local holomorphic frame for E enables to express locally the connection ∇ u as d + A u for some matrix valued (1, 0)-form A u . The curvature Θ(∇ u ) of ∇ u is then given by the matrix valued (1, 1)-form i 2π (dA u +A u ∧A u ). Recall that the connection ∇ u extends to End(E)-valued forms by ∇ u (α) := [∇ u , α]. The formula forc(Σ, h) relies on the following identities
That is
Consider the polarization Det k of det k , that is the symmetric k-linear form on M r (C) whose restriction on the small diagonal is det k . Note by Det k (A; B) = kDet k (A, A, · · · , A, B). The differential version of the Gl(r, C)-invariance of det k shows that the contribution of the commutators −[A u , ·] vanishes. This leads to
The Gl(r, C)-invariance of det i leads to
Hence the map p is given by
where for 2 ≤ j ≤ r, z j := aj a1 . Here and in the sequel we will also write z 1 := a1 a1 = 1 and dz 1 = 0 for convenience. The adjoint of the map p is given by
Summing up the previous computations we infer the formula for the curvature of
For later use, we give the formula for the curvature of (O E (1), h). Denote by Ω the positive form defined on the whole fiber of π over x 0 as the Fubini-Study metric of (P(E x0 ), h) : in coordinates
Then,
Computations in coordinates
We will compute the Bott-Chern forms of the metric Euler sequence at a point
. The results will be given in terms of locally defined forms.
By the previous results (1.2), (1.3) and (2.1),
) and
Our aim is to give an explicit coordinate free expression for the Bott-Chern forms c d+1 .
We need some notations to go along the next computations. The set of positive integers will be denoted by N ⋆ . For any positive integer r, we denote by N r := {1, 2, · · · , r} and Σ r the group of permutations of N r . The notation (a 1 , a 2 , · · · , a p ) will be used for the cycle of length p, a 1 → a 2 → · · · → a p → a 1 .
For a finite sequence B in N 
are the biggest intervals where the parts are constant i.e.
will be called the height of the partition B. The symbol h(B)! will denote
of positive integers, a permutation σ in Σ r will be said to be of type P if r = |P | and σ can be written as the product of l(P ) cycles C i (with disjoint support) where C i is of length p i .
We define
For a cycle of length p, we will need
where
where we have set i p+1 := i 1 . The set Q denotes the locations of the dz ∧ dz terms. Hence, s is the total number of dz ∧ dz terms occurring in the cycle. Note that
We begin by computing the leading coefficient of our coming formula for Φ.
The last equality is proven noticing that the map
is surjective on the set of permutations of type P and is l(P ) i=1 p i -to one. Each permutation of type P is obtained by l(P )! maps of this kind.
We can now compute the function Φ involved in the expression for Bott-Chern forms. The first part of the proof of our main theorem will be done in three steps. In the following proposition, we first separate fiber differentials dz and base differentials arising in the curvature of E ⋆ Proposition 1.
Proof. First remark that
We first invert the summation over σ ∈ Σ d and the summation resulting from the development of the above wedge product. We then have to specify which dz ∧ dz terms we consider in the development. The part c
is got when no dz ∧ dz terms are chosen. According to these, we write σ as product of cycles with disjoint supports, neglecting the precise expression of those cycles containing no dz ∧ dz terms. If for example we seek for the terms containing only dz i1 and dz i2 among the dz, we will only write explicitly the cycles in σ containing 1 and 2. The permutation σ is given by P ∈ N (N⋆) ⋆ with |P | ≤ d and ϕ :
Notice that each σ is obtained l(P )! l(P ) m=1 p m times. Hence,
After commuting with P ϕ Q , rewrite
We get the expression for Φ d+1 (u) as c
The summand now does not depend on ϕ. Hence the summation over all injective ϕ :
Summing now over all Q with same size S gives
We now simplify the expression of fiber differentials. Remark that when two dz ∧ dz terms are neighbors (q t+1 = q t + 1), Ω p,{q1,q2,··· ,qt,qt+1,qt+2,··· ,qs} = −ΩΩ p−1,{q1,q2,··· ,qt−1,qt,qt+2−1,··· ,qs−1} This remark will be improved in the following proposition.
. Gathering terms in the sum in the following way
The fiber α −1 (B ′ ) has b ′ s elements and the fiber β −1 (B)
Hence the composed map is of degree
We are now about the final step
Proof. Fix s ≤ p in N ⋆ . The map which assigns to the product Q of Q (m) ∈ P sm (N pm ) the associated product of partitions B (m) is 
We recall once more the identity
m=1 s m = 1 to end the proof.
Hence, we get the Bott-Chern forms by integrating.
Theorem 1.
Here H s is the harmonic number 
, then replacing the sum
by product by factor
Before computing the Ω p,1 , we need a lemma which relies on special properties of the normal frame.
Lemma 2. In the center of a normal frame for an holomorphic Hermitian vector bundle (E, h), dΘ E = 0 and id
Proof. Call H the metric matrix and A the connection 1-form for the Chern connection of (E, h) in a frame normal at x 0 . By the compatibility of the connection with the metric and the holomorphic structure, we infer that
Now, to recover Ω d+1,1 we have to remove the value 1 for the j's in the first sum. Gathering the terms according to the fact that they contain at least l j ′ s achieving the value 1 (j d+1 = 1, j 1 = 1), we get (notice that we will interchange dz j d+1 and dz j1 ) i 2π
Using once more the normality of the frame, we compute at the point (
Now, the proof will be complete if we set b 1 := q 1 − 1 ∈ N ⋆ , b j := q j − q j−1 for j between 2 and l and b l+1 := d + 1 − q l ∈ N ⋆ and m = l + 1.
On the Bott-Chern forms generating polynomial
Bott-Chern forms fulfill a recursion formula which is easily expressed in terms of their generating polynomial. The latter has a concise expression. Set
We will also need as auxiliary notations
Theorem 1 can be rewritten as
bs Ω bs,1 .
Summing over d, we infer
Proposition 4 can be rewritten as c
As for proposition 5 notice that
We are led to our main theorem Theorem 2. Bott-Chern forms for the metric Euler sequence can be chosen to be
6. Some special cases 6.1. On first parts of Bott-Chern forms. The high relative degree part of BottChern forms is easy to compute with our formulas. Half of the relative degree will be indicated by an extra indices. Theorem 1 reads
6.2. On first Bott-Chern forms. The propositions 4 and 5 give theorem 1 an intrinsic form. Alternatively, we may use theorem 2. Explicitly, we get up to d ′ -exact and d ′′ -exact forms,
The terms in bracket are
6.3. For curves and surfaces. We now assume that the manifold X is a curve or a surface. Only the high relative degree part will occur in theorem 1. Now, make use of
Hence we proved that up to d ′ -exact and d ′′ -exact forms Bott-Chern forms are given on curves by
and on surfaces by
7. On characteristic forms 7.1. From Segre forms to Chern forms. The geometric Segre forms are defined for i ∈ N by s
Consider the metric Euler exact sequence (Σ, h) twisted by O E (1)
and its top Bott-Chern form c r (Σ(1), h). Notice that c t (O P(E) ) = 1 for the induced metric on O P(E) is the flat one. Degree considerations lead to the relation
which in cohomology reduces to Grothendieck defining relation for Chern classes of E. Now, for m ∈ N set S m+1 (E, h) :
For m ≥ 1, using the projection formula, we infer
From the previous equation, we infer that the Chern forms of (E, h) are related to the geometric Segre forms s ′ by
that is (7.1)
The striking fact is that despite the appearance of the non-closed forms Θ q a ⋆ in the expression of c r (Σ(1), h) the forms R are
Proposition 6. The forms R are d ′ d ′′ -closed or equivalently the Chern forms are related to the geometric Segre forms s ′ by
Proof. We first compute the Segre forms.
For parity reasons, the integral of non real terms vanishes. We may hence restrict to I = J as sets with multiplicities. That is there exists a permutation σ ∈ Σ m such that for each λ, j λ = i σ(λ) . One term may be gotten from different permutations if some i λ equals some i µ for λ = µ. As in the case of partitions, we define the height h(I) of a sequence of numbers I to be the sequence of cardinals of subsets of identical entries. The term a j1 a i1 a j2 a i2 · · · a jm a im can be written as
We will make use of the formula
where m i ∈ N are such that m i = m. Back to our computations, we get
For a finite sequence N in N (N⋆) of non negative integers, a permutation σ in Σ m will be said to be of shape 1 n1 2 n2 · · · m nm , ( pn p = m) if it can be written as the product of n p cycles of length p with disjoint support. There are m! p np!p np permutations of shape 1 n1 2 n2 · · · m nm in Σ m and each will give the same contribution in the sum after having computed I∈(N⋆) m . For p ∈ N, consider the closed forms on X given by
We now consider the total Segre form.
Noticing that the signature of a permutation of shape 1 n1 2 n2 · · · m nm is (−1) p np(p+1) , we also get
7.2. Computation of the class S. We now aim at finding expressions for the class S in terms of the geometric Segre forms s
We will need as auxiliary tools the forms on X defined by
Integral computations of π ⋆ similar to the previous one lead to
The number of permutations in Σ c+1 of shape 1 n1 2 n2 · · · (c + 1) nc+1 for which c + 1 is in a cycle of length q is 
Define the m-th geometric Segre class of E to be
According to Hartshorne, the ampleness of E → X is defined to be the ampleness of O E (1) → P(E) hence implies the positivity of the analytic height of P(E) from its very definition.
In the arithmetic setting, for an arithmetic vector bundle E of rank r over an arithmetic variety X f → S of relative dimension n over S, we define the arithmetic height of P(E) π → X with respect to O E (1) by
where deg : CH 1 (S) → CH 1 (Z) → R the last map sending (0, λ) to λ/2 ( see [Bo-G-S] ). From the definition of the arithmetic Segre class, we infer
The complex cohomological term − 1 2 X R n+1 is computed thanks to theorem 3. For example,
In rank 2,
In rank 3, S m+1 (E, h) = − 1 m + 1 c 1 (E ⋆ , h)s According to Zhang, a line bundle L → X is said to be ample if L → χ is ample, (L, h) → X is semi-positive and for every large enough n there exists a Z-basis of Γ(χ, L ⊗n ) made of sections of sup norm less than 1 on X. This implies that the leading coefficient of the Hilbert function of L is positive ( [Zh] , lemma 5.3) which in turn implies the positivity of the arithmetic dimX -fold intersection of c 1 (L) is positive ( [G-S-3] ). Hence, the ampleness of E that we define to be the ampleness of the associated line bundle O E (1) → P(E) implies the positivity of the arithmetic height of P(E).
Note however that it does not imply the positivity of the secondary term − 1 2 X R n+1 as it can be checked with Fulton-Lazarsfeld characterization of numerically positive polynomials on ample vector bundles [Fu-L] : the numerically positive polynomials in Chern classes are non-zero polynomials having non-negative coefficients in the basis of Schur polynomials in Chern polynomials. By Jacobi-Trudi formula, this basis is also the basis of Schur polynomials in Segre classes. For r = 3, n = 3 the third coefficient of − 
